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is a line JK>, there is one, and only one, point P which corresponds to it by means of (1), provided the bilinear form in (1) is non-singular. For if P is the point (yv y^ y3), the equation of the line corresponding to it is (1), and the necessary and sufficient condition that this line coincide with (2) is
where p is a constant, not zero. For a given value of p, this set of equations has one, and only one, solution (yv #2, y8), since the determinant a is not zero, while a change in p merely changes all the y's in' the same ratio. Hence,
THEOREM.   If the bilinear equation (1) is non-singular, it establishes a one-to-one correspondence between the points and lines of the plane. This correspondence is called a correlation.
EXERCISES
1.   Discuss the singular correlations of the plane, 'considering separately the cases in which the rank of the bilinear form is 2 and 1.
2.   Examine the corresponding equation in three dimensions, that is, the equation obtained by equating to zero a bilinear form in which n = 4, and discuss it for all possible suppositions as to the rank of the form.
3.   Show that a necessary and sufficient condition for three or more lines, which correspond to three or more given points by means of a non-singular correlation, to be concurrent is that the points be collinear.
4.   Show that the cross-ratio of any four concurrent lines is the same as that of the four points to which they correspond by means of a non-singular correlation.
5.   Let P be any point in a plane and p the line corresponding to it by means of a non-singular correlation.    Prove that a necessary and sufficient condition for the lines corresponding to the points of p to pass through P is that the bilinear form be symmetrical.
6.   State and prove the corresponding theorem for points and planes in space of three dimensions, showing that here it is necessary and sufficient that the form be symmetrical or skew-symmetrical.*
* The correlation given "by a symmetric bilinear equation is known as a reciprocation. By reference to the formulae of the next chapter, it will be readily seen that in this case every point corresponds, in the plane, to its polar with regard to a fixed conic ; in space, to its polar plane with regard to a fixed quadric surface. The skew-symmetric bilinear equation gives rise in the plane merely to a very special singular correlation, In space, however, it gives an important correlation which is in general non-singulai and is known as a null-system. Of. any treatment of line geometry, where, however, the subject is usually approached from another side.